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ON THE DEVELOPMENT OF DIFFERENTIAL GEOMETRY IN
ESTONIA
VIKTOR ABRAMOV
Abstrat. We give a brief review of a researh made in the eld of dierential
geometry in Estonia in the period from the beginning of the 19th entury
to the present time. The biographi data of mathematiians who made a
valuable ontribution to the development of dierential geometry in Estonia
in mentioned period are presented. The material of the rst setion overs
the period from the beginning of the 19th entury to the middle of the 20th
entury and it an be onsidered as a brief historial sketh of the development
of dierential geometry in Estonia in this period. The next setions give an
idea of the modern trends of development of dierential geometry in Estonia.
The history of researh in the eld of dierential geometry in Estonia is insep-
arably linked with the history of the University of Tartu. Therefore we begin by
reminding some basi fats from the history of the University of Tartu. The Univer-
sity of Tartu was founded by the King Gustav II Adolf of Sweden in 1632. We omit
the turbulent period from the foundation of the university to the end of 18th en-
tury when the university sometimes was in Tartu, sometimes was fored to move to
other towns of Estonia suh as Tallinn and Pärnu as a result of agreements between
belligerent powers. In 1802 the university was reopened in Tartu as a provinial
Balti university depending upon the loal Knighthoods - it was titled Kaiserlihe
Universität zu Dorpat (also Imperatorskij Derptskij Universitet). A rst important
landmark in the history of dierential geometri researh at the University of Tartu
goes bak to this period, when J. Martin Bartels (1769-1836) beame a professor of
mathematis at the University of Tartu (1821). Johann Martin Christian Bartels
was born in Braunshweig. He studied at the University of Helmstedt and then at
the Göttingen University. He took his dotoral degree at the University of Jena
with a thesis in the eld of variational alulus in 1803. It should be mentioned
that Bartels was the rst teaher of Gauss in Braunshweig. Before he was invited
to oupy a professorship of mathematis at the University of Tartu, Bartels was
a professor of mathematis at the University of Kasan (Russia) for twelve years
from 1808 to 1820, where one of his students was Niolai Ivanovith Lobahevsky
future professor of mathematis and retor of the University of Kasan and one of
the founders of non-Eulidean geometry. Bartels ontributed to the theory of spae
urves by reating the method now known as the method of moving orthonormal
frame. Given a spae urve one an dene the loal trihedron at a point P of this
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urve, whih onsists of three orthogonal unit vetors t,n,b, where t is the unit
tangent vetor, n is the prinipal normal vetor and b is the binormal vetor. The
triple {t,n,b} bears the name of Frenet frame at a point of a urve. Bartels studied
the rate of hange of the trihedron {t,n,b}, when a point P begins to move to a
near point Q along a urve and he was the rst to derive the equations expressing
the derivatives of the vetors t,n,b in terms of the vetors themselves now known
as Frenet-Serret formulae. The formulae obtained by Bartels were published by
his disiple C.E. Sen in 1831, whih means that they appeared 17 years earlier
than the equations published by Frenet and 22 years before Serret published his
equations [22℄. It should be noted that Bartels used the omponents of the ve-
tors t,n,b not the vetors themselves beause the notion of a vetor was atually
developed later.
The professorship of applied mathematis was opened in 1843 and Ferdinand
Minding (18061885) was invited to oupy this position. Ferdinand Minding was
born in Kalisz (Poland) and shortly after that his family moved to Hirshberg (now
Jelenia Gora in Poland). He studied lassial philology and philosophy at Halle and
Berlin universities from 1824 to 1828. Working as a seondary shool teaher he
ompleted his thesis on approximate alulation of double integrals and suessfully
defended it at the University of Halle in 1829. Ferdinand Minding made a valuable
ontribution to the theory of surfaes. He dened the geodesi urvature of a urve
and proved that this urvature is onstant along the shortest urve enirling the
given area on a surfae. In the series of papers published from 1838 to 1849 Minding
laid the foundations of the theory of surfae bending. In 1864 he was eleted to
St. Petersburg Aademy of Sienes as an assoiate-member and as a honorary
member in 1879.
Minding letured on the theory of urves and surfaes and among the mathe-
matis students of the University of Tartu attending his letures was Karl Peterson
(18281881). He was born in Riga and studied mathematis at the University of
Tartu from 1847 to 1852. In 1853 Peterson ompleted his thesis "On the bending of
surfaes" and having defended it obtained the andidate degree. Upon graduation,
he failed to get a position at the University of Tartu and moved to Mosow, where
he served as a mathematis instrutor at the Petropavlov speialized shool.
In spite of an appreiation given by Minding to the Peterson' thesis "On the
bending of surfaes" it was not published until 1952, when appeared the Russian
translation of the thesis made by L. Depman. In Peterson' thesis we nd two
equations whih an be written in the modern notations as follows
∂∆
∂v
− ∂∆
′
∂u
+ Γ222∆− 2 Γ212∆′ + Γ211∆′′ = 0,(0.1)
∂∆′′
∂u
− ∂∆
′
∂v
+ Γ122∆− 2 Γ112∆′ + Γ111∆′′ = 0,(0.2)
where
∆ =
L√
EG− F 2 , ∆
′ =
M√
EG− F 2 , ∆
′′ =
N√
EG− F 2 ,
and E,G, F are the oeients of the rst fundamental form g of a surfae; L,N,M
are the oeients of the seond fundamental form h of a surfae and Γijk are
Christoel symbols. The equations (0.1), (0.2) play an essential role in the theory
of surfaes. We remind that Gaussian urvature K of a surfae an be written in
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the form
(0.3) K =
LM −N2
EG− F 2 .
Substituting the Gaussian urvature K in the above formula by its expression in
the terms of the oeients of the rst fundamental form g we obtain a relation
between the oeients of the rst and seond fundamental forms. It turns out
that this relation and relations (0.1), (0.2) determine a surfae up to ongruene.
By other words it an be proved that given two quadrati forms g, h, where g
is positively denite, with oeients satisfying the equations (0.1), (0.2), (0.3)
there exists a surfae whose rst fundamental form is g, the seond is h and a
surfae is determined up to ongruene. Shortly after publiation of the Russian
translation of the Peterson' thesis it was generally reognized that Peterson was the
rst who obtained the fundamental equations of the theory of surfaes (0.1), (0.2)
and antiipated the fundamental theorem of surfae theory [31℄.
At the same time that Minding was studying the theory of surfaes, the subjet
was also oupying the attention of another sientist from the University of Tartu,
Thomas Clausen (18011885). Thomas Clausen was born in Northern Jutland and
having aepted an invitation to oupy the position of an astronomer-observer, he
ame to Tartu in 1842. Clausen interest towards the theory of surfaes was inspired
by the paper of C.G.J. Jaobi, who tried to generalize the Gauss theorem about the
sum of interior angles of a geodesi triangle. Casting doubt on the orretness of the
results published by C.G.J. Jaobi, Clausen elaborated a new proof for the Gauss
theorem. Inspired by an another Jaobi paper, where an integration of dierential
equation determining the geodesi lines of an ellipsoid was redued to quadratures,
Clausen showed that the same redution an be made in the ase of any non-
developed seond order surfae. Clausen also studied the lunes of Hipporates and
he showed how two new types of squarable lunes with proportions of irular ars
5:1 and 5:3 an be found. It should be also mentioned that Clausen found a new way
of determining the lemnisate and this work is related to the eld of geometrial
onstrutions.
The suessors of Minding on the hair of applied mathematis at the University
of Tartu, who did researh in the eld of geometry, were Otto Staude (18571928)
and Adolf Kneser (18621937). Staude was the rst who began to onstrut the
seond order surfaes with the help of the tautened threads. He also studied the
geodesi urvature of a line on a surfae and the sign of the torsion of a urve. Adolf
Kneser studied the algebrai lines by means of syntheti methods and he proved
that if a plane urve has no other singularities exept double tangents and only one
double point, then it has only one double tangent.
Friedrih Shur (18561932) took up the post of the professor of pure mathemat-
is at the University of Tartu in 1888, sueeding on this post to Peter Helmling
(18171901), who retired the same year. Friedrih Shur took his dotoral degree
at the University of Berlin with the thesis on the geometry of seond order line
omplexes. Later Friedrih Shur studied the algebrai surfaes of third and fourth
order and he made a valuable ontribution to the development of dierential geom-
etry by stating the famous theorem on the spaes of onstant urvature now bearing
his name. Friedrih Shur spent only four years (18881892) at the University of
Tartu. In this period he began to study the groups of ontinuous transformations,
then the rapidly developing new branh of the dierential geometry and due to his
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ahievements in this eld, he an be rekoned a founder of this area of geometry
among suh mathematiians as S. Lie, F. Engel, L. Maurer and W. Killing.
Shur also studied the foundations of geometry. This is another trend of researh
whih played an essential role in the development of geometry in Estonia. We only
mention few names of the geometers of the University of Tartu whose sienti
ativity was related with the investigations on the foundations of geometry.
Leonid Lahtin (18631927) was a professor of pure mathematis at the Univer-
sity of Tartu for three years (18921895) sueeding Friedrih Shur to the post.
He studied the Lobahevskian geometry and during his stay in Tartu published two
papers devoted to this subjet, studying in one of them the Poinaré interpretation
of the Lobahevskian geometry. The suessor of Lahtin to the post of professor
of pure mathematis V. Alekseyev (18661943) studied the theory of the line on-
gruenes in onnetion with surfae theory and the theory of rational invariants of
bilinear forms.
The next 20th entury is very signiant in the history of Estonia beause it was
marked by the independene of Estonia. We touh gently the period from 1919 to
1950 beause the speial stress in this period was laid on the investigations of the
foundations of geometry. The rst professorship of mathematis at the University of
Tartu in the independent Estonia was oupied by the Finnish mathematiian Kalle
Väisälä (18931968). He spent in Tartu three years (19191922) and then moved
to Turku (Finland), where he took up the post of the professor of mathematis at
the University of Turku. In the period from 1930 to 1940 the investigations of the
foundations of geometry at the University of Tartu were ontinued in the papers
of Jaan Sarv (18771954), Arnold Humal (19081987), Jüri Nuut (18921952) and
it should be mentioned that the approah developed by these geometers was based
on the notion of "betweenness", whih is a ternary relation on the set of points of
a straight line expressing the fat that one point lies between two others.
1. Minimal surfaes and semiparallel submanifolds
In this setion we proeed to the next period of the development of dierential
geometry in Estonia. This period overs the spae of time from 1950s to the be-
ginning of 1990s, and the development of dierential geometry in this period in a
great degree was inuened by Ülo Lumiste. Let us mark the main stages of Ülo
Lumiste's sienti ativity [5℄. Lumiste was born in Vändra (Estonia) in 1929. He
graduated from the University of Tartu in 1952 and then he was sent to Mosow
for post-graduate studies at the Mosow University. In Mosow under the sienti
supervision of professor A. Vassiliev, Lumiste ompleted his thesis devoted to the
study of the geometry of submanifolds with elds of asymptoti multidimensional
diretions in spae forms and, having suessfully defended it, he obtained the an-
didate degree (equivalent to PhD). Then he was appointed to a post of assistant
professor at the department of geometry of the University of Tartu. In 19631965
Lumiste held a position of post-dotoral researher at the Mosow University. Dur-
ing this time he attended the seminars on dierential geometry led by S.P. Finikov,
G.F. Laptev and A.M. Vassiliev. Under the inuene of these seminars he began to
study the theory of onnetions in bre bundles and its appliations to geometry
of families of homogeneous subspaes. These investigations formed the basis for his
DS thesis, and he defended it at the University of Kazan in 1968. In 1969 Lumiste
was appointed to the post of professor at the department of algebra and geometry
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of the University of Tartu. He retired in 1995 and at present Lumiste is a professor
emeritus.
Lumiste initiated a researh in the following areas of dierential geometry:
(1) the minimal and ruled surfaes, their generalizations;
(2) anonial bre bundles, indued onnetions and general theory of onne-
tions;
(3) 2-parallel and semiparallel submanifolds;
(4) onnetions in gauge theories.
Lumiste onsiderably ontributed to eah eld of researh from mentioned above
and he also ontinued the investigations on the foundations of geometry started by
his predeessors.
It is not possible to desribe in a full extent the ahievements of Ü. Lumiste
within the limits of this paper, therefore we shall give only a brief desription of
the ontribution of Lumiste to some elds mentioned above and let us begin with
the theory of minimal surfaes. Lumiste showed in [12℄ that a minimal surfae of
onstant Gaussian urvature (other than plane) exists only in the ase of an ellipti
spae Sn(c). He found all suh surfaes for n ≤ 5 and proved that the Gaussian
urvature of a surfae of this kind is
1c
3 in the ase of S4(c) (this is a so alled
Veronese surfae) and the urvature of a minimal surfae with onstant Gaussian
urvature equals to zero in the ase of the ellipti spaes S3(c) and S5(c). It was also
shown in the same paper that every minimal surfae of onstant Gaussian urvature
is an orbit of a Lie group of isometries of a orresponding ellipti spae. In [13℄
Lumiste proved the fundamental theorem for minimal surfaes, whih states that a
minimal surfae is entirely determined by its inner metri, the prinipal urvatures
and the angles between the prinipal diretions of all orders. It was also shown in
the same paper that every minimal surfae an be bent ontinuously within its own
lass by leaving the values of rst order prinipal urvatures xed. In [14℄ Lumiste
proved that eah indiatrix of normal urvature of order l of a minimal surfae is
a irle if and only if the submanifold generated by the osulating planes of order
l1 is minimal.
This diretion of researh turned out to be very fruitful and Lumiste drew his stu-
dent L. Tuulmets (b. 1933) in the investigations of the lasses of 3-dimensional ruled
surfaes in the 4-dimensional spae R4, where R4 an be either the Eulidean spae
E4 or the Minkowski spae R1,3. The starting point for Tuulmets' investigations was
the paper [11℄, where Lumiste elaborated the general theory of quasi-ongruenes
in the Eulidean spae E4. Tuulmets also studied the various lasses of surfaes
in the 4-dimensional Eulidean spae E4, Minkowski spae R1,3, projetive spaes
Pn and the spaes of onstant urvature, where she used the method of Cartan
exterior forms and the systems of Pfa equations [38℄. The question of onsisteny
of a system of Pfa equations is very ruial in this kind of investigations, but it
also requires a large volume of pure algebrai omputations and Tuulmets assisted
by an expert in the algebrai omputer methods R. Roomeldi suessfully applied
omputer methods in her investigations of Pfa systems.
The ongruenes of null straight lines in the Minkowski spae R1,3 were studied
by R. Kolde (b. 1938) [10℄. He dened ellipti, hyperboli and paraboli ongru-
enes of null straight lines with the help of the loal properties of ongruenes.
Using the notion of a entral hypersurfae, Kolde onstruted the set of symmet-
ri tensors related to the rays in the seond order dierential neighbourhoods. He
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showed that these tensors ould be used to anonize the frames in the ase of the
ongruenes of hyperboli and ellipti types. In the ase of a normal ongruenes
it appeared that there were two dierent anonial frames. In the speial ase of
ellipti ongruenes whih are alled isotropi similar anonial frames are deter-
mined up to a parameter. Kolde found the geometrial meaning of these anonial
frames.
The next eld of researh initiated by Ü. Lumiste is the theory of anonial bre
bundles, indued onnetions and the general theory of onnetions [16℄ and [15℄.
A Grassmannian manifold of m- dimensional subspaes in Eulidean spae or sym-
pleti spae an be onsidered as a ber bundle, whose bers are m-dimensional
subspaes. There is a onnetion on this ber bundle whih an be dened in a nat-
ural way. This onnetion allows to study the geometry of a Grassmannian manifold
by means of the urvature and the torsion of the mentioned above onnetion. This
diretion of researh was developed by Lumiste's post-graduate students A. Parring
(b. 1940), E. Abel (b. 1947) and A. Fleisher (b. 1948). Parring studied a family of
2m-dimensional sympleti subspaes in a 2n-dimensional ane-sympleti spae
interpreting this family as a ber bundle, whose standard ber is a sympleti sub-
spae of this family [30℄. The group of sympleti motions ats on eah ber of this
ber bundle. Parring used the urvature and the torsion of an inner onnetion to
study the geometry of this ber bundle and he also derived the struture equations
of this family of sympleti subspaes. Abel onsidered a (m+ r)-dimensional sur-
fae Vm+r in the non-Eulidean spae [1℄. It an be shown that a surfae Vm+r
straties, where bers are r-parametri families of m-dimensional non-Eulidean
subspaes. Elaborating the ideas presented in the papers [16℄, [30℄ Abel dened
three onnetions on a surfae Vm+r and studied the properties of the torsion and
the urvature of these onnetions. Fleisher studied homogeneous quotient spaes
of the group of motions in Eulidean spae E4 and the Lie triple systems [7℄. He
also studied relations between reduibility of the holonomy group hol(∇) and prop-
erties of the nonassoiative algebra m with multipliation dened by the tensor A
[6℄. Fleisher proved that if M = G/H is a Riemannian non-symmetri redutive
homogeneous spae of a simple Lie group G and the isotropy representation of H
has only inequivalent irreduible omponents, then any invariant metri onnetion
on M has irreduible holonomy group.
Now we go on to the next eld of researh initiated by Lumiste whih is the
theory of semiparallel submanifolds. Given a m-dimensional smooth manifold Mm
immersed isometrially into a n-dimensional Eulidean spae En one has two qua-
drati dierential forms assoiated with this submanifold, where one of them is the
rst fundamental form g = gij dx
idxj , i, j = 1, 2, . . . ,m, where x1, x2, . . . , xm are
the loal oordinates of Mm, determined by the metri (gij), and the other is the
seond fundamental form h = hij dx
idxj with values in the normal vetor bundle
over a submanifoldMm (the ber of this vetor bundle at a point p of a submanifold
Mm is the orthogonal omplement of the tangent spae TpM
m
of a submanifold
Mm with respet to the whole Eulidean spae En). It is well known that the rst
fundamental form g is always parallel, i.e., ∇g = 0, where ∇ is the Levi-Civita
onnetion, but the seond fundamental form h does not need to be parallel. We
remind that a submanifold Mm in a Eulidean spae En is said to be a parallel
submanifold if ∇¯h = 0, where ∇¯ is the van der Waerden-Bortolotti onnetion on
a submanifold Mm whih is a pair of the Levi-Civita onnetion ∇ and the normal
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onnetion ∇⊥, i.e., ∇¯ = ∇⊕∇⊥. If {eα}, where α = m+ 1, . . . , n, is an adapted
orthonormal loal frame of the normal vetor bundle, then hij = h
α
ij eα and the
omponents hαijk of ∇¯h determined by hαijk = ∇¯ihαkj an be expressed in terms of
the omponents of the seond fundamental (mixed) tensor hαij as follows:
(1.1) hαijk ω
k = dhαij − hαkj ωki − hαik ωkj + hβij ωαβ ,
where ωji are the onnetion 1-forms of the Levi-Civita onnetion ∇ and ωαβ the
onnetion 1-forms of the normal onnetion ∇⊥. In the ase of a parallel subman-
ifold Mm the omponents of ∇¯h are all equal to zero, i.e., hαijk = 0. Applying the
exterior dierential to the both sides of (1.1), we obtain
(1.2) ∇¯hαijk ∧ ωk = hβij Ωαβ − hαkj Ωki − hαik Ωkj ,
where Ωki is the urvature 2-form of the Levi-Civita onnetion ∇ and Ωαβ is the
urvature 2-form of the normal onnetion ∇⊥. The above relation (1.2) gives us
the integrability ondition for the dierential system ∇¯h = 0 whih is
(1.3) hβij Ω
α
β − hαkj Ωki − hαik Ωkj = 0.
A submanifold Mm is said to be a semiparallel submanifold if the integrability
ondition (1.3) is satised.
The term semiparallel submanifolds for submanifolds with seond fundamental
form satisfying (1.3) was introdued by J. Deprez in 1985. At the same time Lumiste
together with his post-graduate student V. Mirzoyan independently began to study
an interesting and important lass of submanifolds with parallel ∇¯h, whih form
the sublass in the lass of the semiparallel submanifolds as it follows from (1.3). It
should be noted that Deprez only lassied and desribed the semiparallel surfaes
M2 and hypersurfaes Mn−1 in En while in the main the theory of semiparallel
surfaes was developed by Lumiste. The theorem asserting that any semiparallel
submanifold Mm in a spae form Mn(c) is the seond order envelope of an orbit of
a Lie group of isometries was proved by Lumiste in 1990 and this theorem plays
a ruial role in the theory of semiparallel submanifolds sine it suggests that in
order to develop the theory of semiparallel submanifolds one should rst of all to
nd all the symmetri orbits and then to desribe the seond order envelopes of
these orbits. It an be shown that any symmetri orbit is an orthogonal produt of
irreduible ones, where an irreduible orbit is a minimal submanifold in its sphere
(exept the ase when irreduible orbit is a plane). Lumiste showed that some
irreduible orbits an be onstruted by means of mappings whih are known in the
algebrai geometry. It turned out that symmetri orbits of ertain kind whih arise
in the onnetion with the study of semiparallel submanifolds, whose rst normal
subspae at any point has the maximal possible dimension
1
2m(m+1), were earlier
introdued and studied by R. Mullari (19311969) [28℄ and [29℄ who was Lumiste's
rst post-graduate student. Mullari onsidered a symmetri orbit whih is a spae
of onstant urvature immersed into En in suh a way that all its inner motions are
generated by isometries of En and n =
1
2m(m+3), where m is the dimension of an
orbit. He alled this kind of symmetri orbit maximal symmetri. Later they were
given the name Veronese orbits beause any of these orbits an be onstruted as
the image of the m-dimensional sphere Sm with respet to Veronese mapping. The
theorem proved by Lumiste [18℄ states that if m ≥ 2 and n = 12m(m + 3), then
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a omplete semiparallel submanifold Mm in En with maximal possible dimension
1
2m(m+ 1) of the rst normal subspae at any point is a single Veronese orbit.
The study of three-dimensional semiparallel submanifolds in E6 (see [25℄ and
[19℄) led to a symmetri orbit, whih is generated by one-parameter family of
2-spheres, whose orthogonal trajetories are irles. The diret generalization of
this is a Segre submanifold S(m1,m2), whih an be onstruted by means of the
Segre map known in algebrai geometry. The seond order envelopes for Segre or-
bits an be found in [24℄. This diretion of researh is also developed by K. Riives (b.
1942). Riives proved [34℄ that a semiparallel submanifold M4 of a Eulidean spae
En, n > 9 is a seond order envelope of V 2(r1) × S1(r2) × S1(r3) (where V 2(r1)
is a Veronese surfae in E5). In the same paper some geometrial properties of
Veronese and Cliord leaves are desribed in terms of a ertain funtion. Using the
Cartan moving frame method and the exterior dierential alulus Riives desribed
in [35℄ some speial lasses of urves on irreduible envelopes of the reduible sym-
metri submanifolds V 2(r1) × S1(r2) × S1(r3) with a Veronese omponent, whih
is a Veronese surfae in E5.
The third lass of symmetri orbits, whih were found by Lumiste in the on-
netion with the study of semiparallel submanifolds and an be onstruted with
the help of a mapping known in algebrai geometry. Let Gk,l be the Grassmannian
(k-dimensional subspaes of the real Eulidean spae El) and T
(0,k) ⊂ (E∗l )⊗k be
the spae of skew-symmetri k-ovariant tensors. We an onsider the Grassman-
nian Gk,l as a submanifold in T
(0,k)
, where it turns to be an orbit. It should be
noted that the geometry of Gk,l was also studied by Lumiste's post-graduate stu-
dent I. Maasikas (b. 1944) in [27℄. Lumiste proved in [21℄ that this orbit is a
symmetri orbit only in the ase of k = 2 (it is alled the Plüker orbit). Later
he showed that the seond order envelope of Plüker orbit G2,l is trivial, whih
means that it is neither more nor less than the same orbit. Lumiste introdued
the term umbili-like orbits for the symmetri orbits, whose seond order envelopes
are trivial. He has shown that the lass of umbili-like orbits inludes not only
the previously mentioned Plüker orbits, but also the unitary orbits and Veronese-
Grassmann orbits. These results are summarized by Lumiste in his monographs
[23℄ and [24℄.
Lumiste's post-graduate student M. Väljas (b. 1958) studied totally quasiumbil-
ial submanifolds with nonat normal onnetion and he proved in joint paper with
Ü. Lumiste [26℄ the existene of totally quasiumbilial submanifolds in Eulidean
spaes with odimension 2 having a non-at normal onnetion. He also studied
Dupin-Mannheim submanifolds and Cliord ones in En+m [40℄. The other Lu-
miste's post-graduate student T. Vorovere (b. 1957) studied the evolute of order λ
for a submanifold in a Eulidean spae. A submanifold N in En is alled the evolute
of order λ for a submanifold Mm in En, if there exists a submersion f : N → M
suh that the osulating plate of order (λ − 1) of N at a point y ∈ N belong to
the normal spae to M at f(x), and moreover, the osulating plane intersets M
at f(x). Virovere derived several riteria for the existene of evolutes (see [39℄).
2. Fiber bundles, onnetions and gauge theories
The question about the nature of a spae and time has always stirred up the
minds of philosophers, mathematiians and physiists. The geometry provides us
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with various mathematial models of a spae and this is the reason why the de-
velopment of geometry has been so losely related to the development of lassial
mehanis and theoretial physis. The appearane of non-abelian gauge theories
in 50s of the 20th entury gave a powerful impetus to this relation. It is well known
that the theory of onnetions on prinipal and vetor bundles is an adequate
geometri framework for the non-abelian gauge theories. There were favorable on-
ditions in Tartu in 70s to elaborate the relation between theory of onnetions and
gauge theories beause there was a group of physiists at the Institute of Physis
studying the gauge theories and a group of geometers at the Department of Geom-
etry and Algebra of the University of Tartu studying the theory of onnetions on
ber bundles. The physiists felt the need of basi knowledge in dierential geom-
etry of ber bundles suh as onnetion, urvature, harateristi lasses (or Chern
lasses) and this led to the joint seminar with geometers, whih ran for several years
(usually one a week). This seminar was initiated by Madis Kõiv on the part of
physiists and by Ülo Lumiste on the part of geometers. This ollaboration turned
out to be very fruitful and it had not only eduational importane but it also led
to an original researh in the areas suh as Baklund transformations, quantum
Yang-Mills theory, supersymmetry, supermanifolds and supergravity. In this paper
we shall briey desribe the investigations onerning a geometrial meaning of
the Faddeev-Popov ghost elds and BRST-transformations. The rst non-abelian
gauge eld theory with the gauge group SU(2) was onstruted by Yang and Mills
(see [41℄). From a geometri point of view an adequate spae for Yang-Mills the-
ory is a prinipal ber bundle P (M,G), where M is the smooth four dimensional
manifold and G = SU(2) is the struture group of P alled a gauge group in eld
theory. A onnetion 1-form ω determines the Yang-Mills eld potentials. Indeed
let π : P → M be a projetion of a prinipal ber bundle P and σ : V → π−1(V )
be a setion of some loal trivialization of P over an open subset V ofM . Then the
pull-bak of a onnetion form σ∗ω is the Lie algebra su(2)-valued 1-form on a sub-
set V and an be expressed in loal oordinates xµ of V as follows σ∗ω = A
(V )
µ dxµ.
If the oeients A
(V )
µ satisfy the Yang-Mills equations one an interpret them as
Yang-Mills eld potentials. A onnetion 1-form ω with oeients of its pull-bak
σ∗ω satisfying the Yang-Mills equations is alled a Yang-Mills onnetion and its
pull-bak σ∗ω a Yang-Mills 1-form. If U is some other open subset of M suh that
U ∩V 6= ∅ and the setion ξ : U → π−1(U) of a loal trivialization over U is related
to the setion σ by the G-valued funtion g(x), i.e.,
ξ(x) = σ(x) g(x), x ∈ U ∩ V,
then the pull-bak ξ∗ω of a onnetion on U is related to the pull-bak σ∗ω as
follows
ξ∗ω = Ad(g−1(x))σ∗ω + g−1(x) dg(x).
If ξ∗ω = A
(U)
µ dxµ, then the above relation leads to the relation between the orre-
sponding Yang-Mills potentials
(2.1) A(U)µ = g
−1(x)A(V )µ g(x) + g
−1(x) ∂µg(x),
whih is the gauge transformation in a non-abelian ase. The urvature 2-form
(2.2) Ω = Dω ω = dω +
1
2
[ω, ω],
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where Dω is the ovariant dierential, written in loal oordinates
(2.3) Ω = Fµν dx
µdxν ,
determines the strength Fµν of a Yang-Mills eld, whih an be expressed in the
terms of potentials as follows
(2.4) Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ].
The Yang-Mills ation
(2.5) SYM =
1
4
∫
M
〈Ω, ∗Ω〉,
where ∗ is the (Hodge) star operator and 〈 , 〉 is a Killing form on the Lie algebra
su(2), is invariant with respet to gauge transformations.
An invariane of the ation SYM with respet to gauge transformations (2.1)
brings a distinguishing feature in the Yang-Mills eld theory or, in a more general
ontext, in any non-abelian gauge eld theory. Indeed, it shows that the real
physial onguration of a gauge eld theory is determined not by a single set of
eld potentials A = {Aµ(x)}, but by the entire lass of gauge equivalent sets of eld
potentials, where two sets A = {Aµ(x)} and A′ = {A′µ(x)} are said to be gauge
equivalent if
(2.6) A′µ = g
−1(x)Aµ g(x) + g
−1(x) ∂µg(x).
Thus a real physial onguration is determined up to a gauge transformation. The
ompliations whih arise in a quantization of a gauge theory are aused just by
this ambiguity. This problem an be xed by a parametrization of the spae of
real physial ongurations where eah real physial onguration will be uniquely
determined by a single set of parameters. This an be done by imposing an ad-
ditional ondition on Yang-Mills potentials and this ondition should pik out a
single representative from every gauge equivalent lass. This ondition is alled
gauge-xing ondition or simply gauge in gauge eld theories.
The quantum Yang-Mills eld theory was onstruted by L. Faddeev, V. Popov,
B. De Witt and they showed that the approah of R. Feynman based on funtional
integral was most suitable sheme for quantization of gauge eld theories beause
the priniple of gauge invariane ould be expressed in terms of this approah very
easily: one should integrate not over the spae of all eld ongurations, but only
over the spae of gauge-equivalent lasses of eld ongurations. However applying
this proedure to the Yang-Mills eld theory one enounters a problem of the non-
loal funtional detM , where M is the operator
M(α) = ∂µ∂µα− ∂µ[Aµ, α],
whih appears in the funtional integral for S-matrix. This was the reason why the
integrand in the funtional integral of generating funtional was not in the anonial
form exp(i × action). Faddeev and Popov solved this problem by introduing the
additional antiommuting elds c(x) and c¯(x), whih allow to put the determinant
detM into a form of the integral over the innite dimensional Grassmann algebra
R (here c(x) and c¯(x) are the generators of this algebra) as follows
(2.7) detM =
∫
exp{i
∫
c¯a(x)Mab cb(x) dx}
∏
x
dc¯dc.
The antiommuting elds c(x) and c¯(x) were later given the name of Faddeev-Popov
ghost elds. It was showed by C. Behi, A. Rouet, R. Stora and independently by
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I. Tyutin that the quantum eetive ation (this is the ation one obtains by adding
to the lassial Yang-Mills ation the terms generated by the Faddeev-Popov ghost
elds) is invariant with respet to transformations
Aaµ(x) → Aaµ(x) +∇µ c(x) ǫ,(2.8)
ca(x) → ca(x)− 1
2
tabd c
b(x) cd(x) ǫ,(2.9)
c¯a(x) → c¯a(x) + [∂µAaµ(x)] ǫ,(2.10)
where tabd are the struture onstants of the Lie algebra su(2), ∇µ is the ovariant
derivative and ǫ is a Grassmann parameter ǫ2 = 0 antiommuting with the Faddeev-
Popov elds and ommuting with the Yang-Mills potentials. The transformations
(2.8)(2.10) are alled the BRST transformations. This kind of transformations
is known in the modern eld theory under the name of supersymmetries. The
remarkable property of the BRST transformations is that they are nilpotent. The
BRST transformations indue the BRST operator
(2.11) δ Aaµ(x) = ∇µ ca(x), δ ca(x) = −
1
2
tabd c
b(x) cd(x), δ c¯a(x) = ∂µA
a
µ(x),
denition of BRST operator is usually replaed by an auxiliary eld ba(x) and the
last formula in (2.11) takes on the form δ c¯a(x) = ba(x). Later the anti-BRST
operator δ¯ was added to BRST operator and together they form the BRST-algebra
(2.12) δ2 = δ¯2 = 0 δ δ¯ + δ¯ δ = 0.
The appearane of the Faddeev-Popov ghost elds in the quantum Yang-Mills the-
ory raised an interesting problem of elaborating a geometri struture whih ould
allow to inorporate these additional elds into known geometri framework of
gauge elds based on ber bundle tehnique and to derive the BRST transforma-
tions from known equations. The property of antiommutativity of the ghost elds
suggests an idea to onstrut their geometri interpretation by means of dierential
forms sine the wedge produt of dierential 1-forms is also skew-symmetri. This
idea seems to be very alluring if we look at the BRST transformation of the ghost
elds (2.9) whih is very similar to the Cartan-Maurer equation and this suggests
to onstrut the BRST operator by means of exterior derivative. The geometri
interpretation of the ghost elds and BRST transformations based on the men-
tioned above idea was proposed and developed in the papers [36℄ and [37℄. Though
the geometri interpretation of the ghost elds and BRST operators in terms of
dierential forms and exterior derivative is very attrative, it has a problem with
that part of BRST operator δ whih is determined by the transformation of the
anti-ghost eld (2.10). Indeed, the BRST operator δ transforms the anti-ghost eld
c¯a(x) into an auxiliary bosoni eld ba(x) and therefore this part of the BRST op-
erator is not onsistent with the properties of the exterior derivative whih raises
the degree of a form by 1. In [17℄ Lumiste improved the interpretation proposed in
[36℄ and [37℄ and extended it framework to inlude the anti-ghost elds c¯(x) and the
anti-BRST operator δ¯. The geometri onstrution, he proposed for interpretation
of the ghost eld c(x), was not so rigid as in [36℄ and [37℄ and this allowed to keep
the dependene of c(x) on a gauge-xing ondition. He also showed that BRST
transformations for the elds Aµ(x) and c(x) ould be derived from the well known
Laptev equations for a onnetion on a prinipal ber bundle P (M,G). Lumiste
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elaborated a formalism of q-vetor elds onsidered as (−q)-forms for geometri in-
terpretation of the anti-ghost eld c¯(x) and an analogue of the exterior derivative,
whih an be used together with the well known operator ⋆−1 d ⋆, where ⋆ is the
Hodge operator, for geometri interpretation of the anti-BRST operator δ¯. Let us
briey desribe the geometri onstrution elaborated in [17℄. Let z be a point of
a prinipal ber bundle π : P → M with a struture group G, p = π(z) ∈ M
be the projetion of z and Sz be a subspae of the tangent spae TzP suh that
TzP = Sz ⊕ VzP , where VzP is the tangent spae to the ber π−1(p) passing
through a point z. Let JP (z) be the set of all subspaes Sz at a point z satisfying
TzP = Sz ⊕ VzP . It an be proved that the set JP =
⋃
z∈P JP (z) is the smooth
manifold, whih an be endowed with a struture of the prinipal ber bundle over
P with the projetion π′ : JP → P dened by π′(Sz) = z. If Rg(z) = zg is the
right ation of the group G on a prinipal bundle P , then the right ation R∗g of
G on JP is dened by R∗g(Sz) = Szg = dRg(Sz), where dRg : TzP → TzgP is the
dierential of Rg.
Let V(P ) be the Lie algebra of vertial (or fundamental) vetor elds on P .
It is well known that this Lie algebra is isomorphi to the Lie algebra G of G,
i.e, V(P ) ≃ G. If Y is a fundamental vetor eld then let us denote by ξY the
orresponding element of the Lie algebra G whih indues Y . Let Σ : P → JP be a
smooth setion of the prinipal bundle JP . Any setion Σ generates the G-valued
1-form θ on P whih is dened as follows: if X is a vetor eld on P , then X an
be written as the sum of two vetor elds Y and Z, where Zp ∈ Σ(p) and Y is the
uniquely determined vertial vetor eld, and
(2.13) θ(X) = ξY .
The G-valued 1-form θ indues the G-valued 1-form θ˜ on the prinipal bundle JP
and the value of this form on a tangent vetor v˜ to JP at a point Sz is determined
by the formula
(2.14) θ˜(v˜) = θz(dπ
′(v˜)).
In [17℄ Lumiste proposed to onsider the G-valued 1-form θ˜ as a geometri inter-
pretation for the Faddeev-Popov ghost eld c. A smooth setion Σ used in the
onstrution of θ˜ an be interpreted in terms of a gauge theory as a gauge-xing
ondition and this shows the advantage of the approah proposed by Lumiste whih
allows to keep the dependene of the ghost eld on a gauge.
The geometri interpretation of ghost elds and BRST-supersymmetries in terms
of dierential forms suers from a shortoming, whih does not allow to take into
aount all properties of the ghost elds. It is important that ghost elds ca(x) and
c¯b(x) are the generators of an innite dimensional Grassmann algebra R as it is
mentioned above. This means that ghost elds antiommute not only with respet
to supersripts a and b, but also with respet to a point x of a base manifold M ,
i.e.,
(2.15) ca(x) cb(y) = −cb(y) ca(x),
where x and y are points of a base manifold M . The ommutation relations (2.15)
show that if we onsider the ghost elds as generators of an innite dimensional
Grassmann algebra, then the produt of the ghost elds ca(x) and cb(y) is deter-
mined even if x and y are dierent point of a manifold M . It is well known that
one an multiply dierential forms pointwise and the produt of two dierential
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forms has no sense if they are taken in dierent points of a manifold. In order to
inorporate the antiommutation relations (2.15) into a geometri interpretation
Lumiste and the author of this paper onstruted an innite dimensional super-
manifold AR (see [3℄). There are few approahes to a notion of a supermanifold
and one of them was proposed by F. Berezin. Briey it an be desribed as follows:
given an ordinary smooth manifold M one onstruts a supermanifold by means of
the theory of sheaves, where M is usually alled an underlying or a base manifold.
The underlying manifold A for an innite dimensional supermanifold AR proposed
in [3℄ was the innite dimensional manifold of all smooth onnetions of a given
prinipal ber bundle P (M,G), where the dierential struture was dened with
the help of a Banah spae struture, and the sheaves determining the struture
of a supermanifold were onstruted with the help of innite dimensional Grass-
mann algebraR. Figuratevily speaking this supermanifold was innite dimensional
with respet to both setors, even and odd. The underlying manifold of all smooth
onnetions A has a rih geometri struture. It is well known that it is an in-
nite dimensional prinipal ber bundle with respet to the ation of the innite
dimensional Lie group of gauge transformations and a gauge-xing ondition an be
onsidered as a setion of this bundle. Given a smooth funtion determined on an
ordinary manifoldM one an extend it to the smooth funtion on the supermanifold
onstruted over M . This proedure is alled a Grassmann analytial ontinuation
in the theory of supermanifolds. The Yang-Mills ation (2.5) an be onsidered as
a funtion on the innite dimensional manifold of the lasses of gauge-equivalent
onnetions and the innite dimensional supermanifold AR proposed in [3℄ allowed
to show that the quantum eetive ation is a Grassmann analytial ontinuation
of the Yang-Mills ation (2.5) along the bers of the orresponding prinipal ber
bundle (determined by the ation of the group of gauge transformations). The
BRST-supersymmetries were interpreted as a family of vetor elds on the innite
dimensional supermanifold AR.
3. Jet bundles and symmetries of differential equations
Every time when we solve a dierential equation, study the singularities of a
mapping or ompute the invariants of a Lie group we (in some way or other) use
the struture of a jet spae Jn,m, whih means that we make use of the operator of
total dierentiation, Cartan' forms and Lie vetor elds. This diretion of researh
in the area of dierential geometry is developed by Maido Rahula who sueeded
to Ülo Lumiste on the post of professor of geometry at the University of Tartu in
1990 when Lumiste retired.
Let us list the main periods of Maido Rahula biography. Rahula was born in
Järvamaa (Estonia) in 1936. When he was 13 years old his family was banished
to Siberia during the Stalin' deportations. He graduated the University of Tomsk
in 1959 and then ame bak to Estonia, where he had the luk to enter the post-
graduate studies at the University of Tartu under the supervision of Lumiste though
aording to the system existing at that time the members of deported families
were forbidden to enter the universities loated in the european part of the Soviet
Union. Rahula defended his PhD thesis "On higher order dierential geometry"
at the University of Tartu in 1964. He spent four years (19671971) in Algeria
teahing mathematis at the University of Algeria within the framework of the
program of ooperation of the Soviet Union with developing ountries. The next
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period (19721989) of his life was bound up with the Institute of Tehnology in
Odessa.
Let us onsider the jet spae Jn,m in the simplest ase of n = m = 1. Let
(3.1) t, u, u′, u′′, . . .
be the oordinates in this spae. The operator of total dierentiation
(3.2) D =
∂
∂t
+ u′
∂
∂u
+ u′′
∂
∂u′
+ . . . ,
an be onsidered as a linear vetor eld. The ow (i.e., the one-parameter group
of dieomorphisms generated by this vetor eld) is determined by the exponential
law
(3.3) U ′ = C U and Ut = e
CtU,
where U is the olumn with innite number of entries u, u′, u′′, . . . and C is the
innite-dimensional matrix, whose non-zero elements an be obtained from the
elements of the main diagonal of the innite-dimensional unit matrix by moving
eah of them to the right along the orresponding row to the next position. It is
obvious that the matrix Cl, where l is an integer, an be obtained from the unit
matrix by repeating k times the previously desribed proedure. The exponential
of the matrix C t, where t is a parameter, multiplied from the right by the olumn
U yields the olumn Ut whose rst element
(3.4) ut =
∞∑
k=0
u(k)
tk
k!
,
and the next elements are the derivatives of ut, i.e., u
′
t, u
′′
t , . . .. Thus the formula
Ut = e
Ct U desribes the motion of a point (t, Ut) along the trajetory of the vetor
eld D. In a general ase of a jet spae Jn,m we have the system of operators
Di, i = 1, 2, . . . , n and the formula Ut = e
CtU written by means of multi-indies
determines the n-dimensional orbits of the additive group Rn.
Let us denote by
∂
∂U
the matrix whose single row onsists of the elements
(3.5)
∂
∂u
,
∂
∂u′
,
∂
∂u′′
, . . .
Then the operator D an be written in the form
(3.6) D =
∂
∂t
+
∂
∂U
U ′.
The entries of the matrix ( ∂
∂t
∂
∂U
) form the basis in the jet spae J1,1 and the entries
of the matrix (
dt
dU
) form the dual basis. If we replae the rst
entry
∂
∂t
in the rst matrix by the operator of total dierentiation D then the rst
entry in the seond matrix ontaining the elements of dual basis should be replaed
by the Cartan form ω = dU − U ′ dt. This follows from the formulae
(D ∂
∂U
) = ( ∂
∂t
∂
∂U
)
(
1 0
U ′ E
)
,
(
dt
ω
)
=
(
1 0
−U ′ E
) (
dt
dU
)
.
The basis and its dual basis depend on a point of the jet spae and if this point
starts to move along the trajetory of the vetor eld D passing through this point,
then both basises hange and this hange or dependene on a parameter t an be
desribed by the same exponential law (3.3). Indeed, if(
∂
∂U
)′
= − ∂
∂U
C and ω′ = C ω,
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where the stroke stands for the Lie derivative with respet to D, then(
∂
∂U
)
t
=
∂
∂U
e−Ct and ωt = e
Ct ω.
The formula I = e−CtU determines an innite number of invariants of the
operator D. Indeed, we have I ′ = e−Ct (U ′ − CU) = 0 and taking into aount
dI = e−Ct ω, we onlude that the exponential e−Ct is an integrating matrix for
the system of forms ω. The dual formula
∂
∂I
=
∂
∂U
eCt
determines an innite number of invariant operators. These operators form the
basis for Lie vetor elds and for innitesimal symmetries of the operator D.
Any vetor eld P an be written in the above dened basises as follows
(3.7) P =
∂
∂t
ξ +
∂
∂U
λ = D ξ +
∂
∂U
µ = D ξ +
∂
∂I
ν,
where λ = P U, µ = ω(D), ν = P I, µ = λ−U ′ ξ, and ν = e−Ct µ. It an be proved
that the following onditions are equivalent to eah other:
(1) vetor eld P is a Lie vetor eld;
(2) ν′ = 0;
(3) µ′ = C µ;
(4) λ′ = C λ+ U ′ ξ′.
The seond ondition is the simplest one, and it shows that the omponents of
ν are the invariants of the eld D. The third ondition shows that the entries
of the olumn µ are f, f ′, f ′′, . . ., where f is a generating funtion. For instane
the funtions 1, t, t2/2, . . . are the generating funtions for the eld ∂
∂I
whih is a
vertial vetor eld sine ξ = 0. The fourth ondition is more ompliated sine a
generating funtion does not enter it expliitly, but this ondition determines the
omponents of a Lie vetor eld in the natural basis. It should be mentioned that
the fourth ondition an be found in the lassial Lie theory.
The above desribed general sheme was developed by Rahula and its more
detailed desription an be found in the monograph [32℄. This sheme an be applied
in the theory of dierential equations. Let F (t, U) = 0 be a dierential equation,
whih we shall write in the form F = 0. This equation determines the surfae A0
in the jet spae J1,1. The stratiation of singularities A0 ⊃ A1 ⊃ A2 ⊃ . . . is
dened on the surfae A0 by means of the ow of the vetor eld D, where An
is determined by the system of equations F (k) = 0, where k = 0, 1, 2, . . . , n. The
solutions of F = 0 an be onstruted by means of those trajetories of the operator
D whih belong to An for eah integer n. The integral of an equation F = 0 is
determined by a funtion whih is onstant on the surfae A0. The symmetries of
F = 0 are the transformations of the jet spae J1,1 suh that they leave invariant
the stratiation arising on the surfae A0. The symmetries of F = 0 onsidered as
mappings transform a solution of F = 0 into another solution of a same equation
and they do the same thing with the integrals of F = 0. Thus we an onlude that
the ow of a vetor eld reprodues the solutions of a dierential equation.
It is useful to onsider a Lie vetor eld as an extended group operator. Any
dierential invariant (for example, the urvature of a urve or the urvature of a
surfae) is the invariant of a Lie vetor eld. Determination of symmetries in some
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sense an inverse problem for the Erlanger Program of F. Klein (1872). Indeed, the
main aim of the Erlanger Program is to nd the set of all properties of a set S that
remain invariant when the elements of this set are subjeted to the transformations
of some Lie group of transformations.
An advantage of this approah is that it is based on a jet spae whose struture
is universal. Indeed, let us onsider the triple (D, t, U) in the jet spae J1,1, where
D is the operator of total dierentiation, t is the anonial parameter for D (it an
be interpreted as a time) and U is the set of oordinates of a ber. Given the triple
(X, s, F ), where X is a vetor eld dened on a manifold M , s is the anonial
parameter for X and F is the system of funtions X f, X2 f, . . . generated by
a smooth funtion f dened on M , we an always relate this triple to the triple
(D, t, U) with the help of a mapping ϕ : M → J1,1 satisfying
(3.8) t ◦ ϕ = 0, U ◦ ϕ = F and (DI) ◦ ϕ = X (I ◦ ϕ),
where I is an arbitrary funtion dened on the spae J1,1. In this way we an
arry over any invariant of the operator D from the jet spae J1,1 onto a manifold
M , where it will be the invariant of a vetor eld X . Partiularly the invariants
I◦ϕ = eCs F on a manifoldM orrespond to the invariants I = eCtU dened on the
jet spae. The ovariant tensor elds inluding the dierential forms an be arried
over from the jet spae J1,1 onto a manifold M , where the dierential operators
suh as the Monge-Ampere operator, Laplaian, Hessian, urvature operator and
so on an be onstruted by means of these dierential forms.
Thus we an use the strutures dened on a jet spae Jn,m to get a neessary
information about the operators on a manifoldM , their invariants and symmetries.
The set of all triples (X, s, F ) an be viewed as a ategory and the triple (D, t, U) is
a nite objet of this ategory. A universal problem is to onstrut an initial element
or a nite element of this ategory, and the struture of a jet spae Jn,m, whih
an be used to solve this problem, is universal just in this sense. The strutures
briey desribed in this setion, their analysis and possible appliations have been
in detail desribed in the monograph [33℄.
The geometri strutures arising in the theory of dierential equations were also
studied by H. Kilp (b. 1942) in [9℄ and [8℄.
4. Nonommutative geometry and generalization of supersymmetry
In this setion we desribe a diretion of researh in the eld of dierential
geometry, whih was initiated by R. Kerner (University Paris VI) at the begin-
ning of 1990s and later developed in ooperation with the olleagues from Paris,
Wrolaw (Poland) and the author of this paper. This diretion is related to the
nonommutative geometry. During the last deade a spetaular development of
nonommutative generalizations of dierential geometry and Lie group theory has
been ahieved. The respetive new hapters of mathematial physis are known un-
der the names of nonommutative geometry, quantum groups and quantum spaes.
This setion is based on the paper [4℄.
Let us onsider an assoiative algebra G over omplex numbers with generators
θA, A = 1, 2, .., N satisfying the ternary relations
(4.1) θAθBθC = jθBθCθA,
where j is a primitive ube root of unity. We suppose that the N2 produts θAθB
are linearly independent entities. The algebra G with ternary ommutation relations
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(4.1) is alled a ternary Grassmann algebra [4℄, beause the ommutation relations
(4.1) are very similar to the ommutation relations of a lassial Grassmann algebra.
Indeed, if θα with α = 1, 2, . . . , n are the generators of the Grassmann algebra with
n generators, then they are subjeted to the well known relations θαθβ = (−1)θβθα
whih an be interpreted as follows: eah permutation of generators in the binary
produt θαθβ is aompanied by multipliation by −1 and −1 is onsidered as
a primitive square root of unity. Thus one an get a ternary analogue of the
Grassmann algebra replaing a binary produt of generators by a ternary produt,
a permutation of two objets by a yli permutation of three objets and a primitive
square root of unity by a primitive ube root of unity. It is obvious that ternary
analogue of Grassmann algebra is based on a faithful representation of the yli
group Z3 by ube roots of unity.
Let us briey desribe the struture of the algebra G. The immediate orollary
is that any produt of four or more generators must vanish. Here is the proof
(θAθBθC)θD = jθB(θCθAθD) = j2(θBθAθD)θC = θA(θDθBθC) = jθAθBθCθD.
Now, as (1 − j) 6= 0, one must have θAθBθCθD = 0. The dimension of the ternary
Grassmann algebra G is N(N + 1)(N + 2)/3 + 1. Any ube of a generator is equal
to zero, i.e., (θA)3 = 0, and the odd permutation of fators in a produt of three
leads to an independent quantity.
Our algebra admits a natural Z3-grading: under multipliation, the grades add
up modulo 3; the numbers are grade 0, the generators θA are grade 1; the binary
produts are grade 2 and the ternary produts grade 0 again. The dimensions of
the subspaes of grade 0, 1 and 2 are, respetively, N for grade 1, N2 for grade 2
and (N3 −N)/3 + 1 for grade 0.
The lak of symmetry between the grades 1 and 2 (orresponding to the generator
j and its square j2 in the yli group Z3, whih are interhangeable, suggests that
one should introdue another set of N generators of grade 2, whose squares would
be of grade 1, and whih should obey the onjugate ternary relations as follows
θ¯A¯θ¯B¯ θ¯C¯ = j2θ¯B¯ θ¯C¯ θ¯A¯.
With respet to the ordinary generators θA, the onjugate ones should behave like
the produts of two θ's, i.e.,
(4.2) θA(θBθC) = j(θBθC)θA → θAθ¯B¯ = jθ¯B¯θA
and onsequently
(4.3) θ¯B¯θA = j2θAθ¯B¯ .
One may also note that there is an alternative hoie for the ommutation relation
between the ordinary and onjugate generators, that makes the onjugate genera-
tors dierent from the binary produts of ordinary generators
(4.4) θAθ¯B¯ = −jθ¯B¯θA and θ¯B¯θA = −j2θAθ¯B¯,
whih are still ompatible with the ternary relations introdued above.
This ould be interpreted in the following way. We have assumed that the
algebra's eld is the eld of omplex numbers, but we an imagine that it is possible
to multiply an element of the Z3-graded Grassmann algebra by an element of a
binary Grassmann algebra. We assume that the binary elements ommute with the
ternary ones, but antiommute as usual with eah other. The Z3-graded Grassmann
elements of a given grade still have no binary ommutation relation. Then our new
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algebra admits two gradings: the Z2-grading and the Z3-grading. The elements
of Z2-grade 0 and Z3-grades 1 and 2 obey the rules (4.2) and (4.3) whereas the
elements of Z2-grade 1 and Z3-grades 1 and 2 obey the rules (4.4). If we think
that these objets an help in modelling of the quark elds, then a quark variable
would be of Z2-grade 1 and Z3-grade 1, and an antiquark variable of Z2-grade 1
and Z3-grade 2. Then the produts of a quark and an antiquark would have both
grades zero, making it a boson. In the same way, the produts of three quark or
three antiquark elds would be of Z3-grade 0 and of Z2-grade 1, that is, they would
very muh look like a fermioni eld.
Now, the θ¯'s generate their own Grassmann subalgebra of the same dimension
that the one generated by θ's; besides, we shall have all the mixed produts on-
taining both types of generators, but whih an be always ordered e.g., with θA's
in front and θ¯B¯'s in the rear, by virtue of ommutation relations. The produts of
θA's alone or of θ¯A¯'s alone span two subalgebras of dimension N(N + 1)(N + 2)/3
eah; the mixed produts span new setors of the Z3-graded Grassmann algebra.
In the ase of usual Z2-graded Grassmann algebras the anti-ommutation be-
tween the generators of the algebra and the assumed assoiativity imply automati-
ally the fat that all grade 0 elements ommute with the rest of the algebra, while
any two elements of grade 1 anti-ommute.
In the ase of the Z3-graded generalization suh an extension of ternary and
binary relations does not follow automatially and must be expliitly imposed. If
we deide to extend the relations (4.2), (4.3) and (4.4) to all elements of the al-
gebra having a well-dened grade (i.e., the monomials in θ's and θ¯'s), then many
additional expressions must vanish, e.g.,
θA θB θ¯
C¯︸ ︷︷ ︸ = θB θ¯C¯︸ ︷︷ ︸ θA = θB θ¯C¯θA︸ ︷︷ ︸ = θ¯CθAθB = 0,
beause on the one side, θB θ¯C¯ and θ¯C¯θA are of grade 0 and ommute with all other
elements, and on the other side, ommuting θ¯C with θAθB one gets twie the fator
j, whih leads to the overall fator j2θ¯CθAθB . This produes a ontradition whih
an be solved only by supposing that θAθB θ¯C = 0.
The resulting Z3-graded algebra ontains only the following ombinations of
generators:
A1 = {θ, θ¯θ¯}, A2 = {θ¯, θθ} and A0 = {1, θθ¯, θθθ, θ¯θ¯θ¯}.
The dimension of the algebra is
D(N) = 1 + 2N + 3N2 +
2(N3 −N)
3
=
3 + 4N + 9N2 + 2N3
3
.
The four summands 1, 2N , 3N2 and 2(N
3
−N)
3 orrespond to the subspaes respe-
tively spanned by the ombinations {C}, {θ, θ¯}, {θθ, θθ¯, θ¯θ¯} and {θθθ, θ¯θ¯θ¯}.
Let us note that the set of grade 0 (whih obviously forms a subalgebra of the
Z3-graded Grassmann algebra) ontains the produts whih ould symbolize the
only observable ombinations of quark elds in quantum hromodynamis based on
the SU(3)-symmetry.
We an introdue the Z3-graded derivations of the Z3-graded Grassmann algebra
by postulating the following set of rules:
∂A(1) = 0, ∂Aθ
B = δBA and ∂Aθ¯
B¯ = 0
and similarly
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∂A¯(1) = 0, ∂B¯ θ¯
C¯ = δC¯
B¯
and ∂B¯θ
A = 0.
When ating on various binary and ternary produts, the derivation rules are the
following:
∂A(θ
BθC) = δBAθ
C + jδCAθ
B and ∂A(θ
BθCθD) = δBAθ
CθD + jδCAθ
DθB + j2δDA θ
BθC.
Similarly, for the onjugate entities,
∂A¯(θ¯
B¯ θ¯C¯) = δB¯
A¯
θ¯C¯ + j2δC¯
A¯
θ¯B¯ and ∂A¯(θ¯
B¯ θ¯C¯ θ¯D¯) = δB¯
A¯
θ¯C¯ θ¯D¯ + j2δC¯
A¯
θ¯D¯θ¯B¯ + jδD¯
A¯
θ¯B¯ θ¯C¯.
We emphasize the "twisted" Leibniz rule for the ternary produts in the above
formulae.
Finally, for mixed binary produts like θAθ¯B¯ , the derivation rules are the follow-
ing:
∂A(θ
B θ¯C¯) = δBA θ¯
C¯ and ∂A¯(θ
B θ¯C¯) = jδC¯
A¯
θB.
There is no need for rules of derivation of fourth-order homogeneous expressions,
beause these vanish identially.
As the immediate onsequene of these rules, we have the following important
identities:
∂A∂B∂C = j∂B∂C∂A and ∂A¯∂B¯∂C¯ = j
2∂B¯∂C¯∂A¯,
while
∂A∂C¯ = j∂C¯∂A and ∂C¯∂A = j
2∂A∂C¯ .
Hene we have the important onsequene
(4.5) ∂A∂B∂C + ∂B∂C∂A + ∂C∂A∂B = 0.
The Z3-graded generalization of the Grassmanian and the Z3-graded derivatives
dened above an be used in order to produe a Z3-generalization of the supersym-
metry generators ating on the usual Z2-graded Grassmann algebra generated by
antiommuting fermioni variables θα and θ¯β˙ satifying the relations
θαθβ + θβθα = 0, θ¯α˙θβ + θβ θ¯α˙ = 0 and θ¯α˙θ¯β˙ + θ¯β˙ θ¯α˙ = 0.
The anti-Leibniz rule of derivation
∂α(θ
βθγ) = δβαθ
γ − δγαθβ
and similarly for any two dotted indies or mixed indies, one veries easily that
all suh derivations do antiommute:
∂α∂β + ∂β∂α = 0, ∂α˙∂β˙ + ∂β˙∂α˙ = 0 and ∂α∂β˙ + ∂β˙∂α = 0.
These rules enable us to onstrut the generators of the supersymmetri (or
Z2-graded) odd translations
Dα = ∂α + σkαβ˙ θ¯β˙∂k and Dβ˙ = ∂β˙ + σmαβ˙θα∂m,
where both dotted and un-dotted indies α, β˙ take the values 1 and 2, while the
spae-time indies k, l and m run from 0 to 3. The anti-ommutators of these
dierential operators yield the ordinary (even) spae-time translations
DαDβ˙ +Dβ˙Dα = 2 σkαβ˙∂k,
while DαDβ +DβDα = 0 and Dα˙Dβ˙ +Dβ˙Dα˙ = 0.
The Z3-graded generalization would amount to nd a ubi root of a linear dier-
ential operator, making use of equation (4.5). We must have six kinds of generalized
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Grassmann variables θA, θ
∧
A
and θ
∨
A
on the one hand and θ¯A¯, θ¯
∧
A¯
and θ¯
∨
A¯
on the other
hand, whih is formally analogous to the Z2-graded ase. Instead of the Pauli ma-
tries we should introdue the entities endowed with three indies (ubi matries)
with whih the generators of the Z3-graded translations of grade 1 and 2 may be
onstruted as follows:
DA = ∂A + ρ
m
A
∧
B
∨
C
θ
∧
Bθ
∨
C∇m + ωmAA¯θ¯A¯∇m, DA¯ = ∂A¯ + ρ¯m
A¯
∧
B¯
∨
C¯
θ¯
∧
B¯ θ¯
∨
C¯∇m + ω¯mA¯AθA∇m,
D∧
B
= ∂∧
B
+ ρm
A
∧
B
∨
C
θAθ
∨
C∇m + ωm∧
B
∧
B¯
θ¯
∧
B¯∇m, D∧
B¯
= ∂∧
B¯
+ ρ¯m
A¯
∧
B¯
∨
C¯
θ¯A¯θ¯
∨
C¯∇m + ω¯m∧
B¯
∧
B
θ
∧
B∇m
and
D∨
C
= ∂∨
C
+ ρm
A
∧
B
∨
C
θAθ
∧
B∇m + ωm∨
C
∨
C¯
θ¯
∨
C¯∇m, D∨
C¯
= ∂∨
C¯
+ ρ¯m
A¯
∧
B¯
∨
C¯
θ¯A¯θ¯
∧
B¯∇m + ω¯m∨
C¯
∨
C
θ
∨
C∇m.
The nature of the indies needs not to be speied; the only important thing to be
assumed at this stage is that the dierential operators ∇m do ommute with the
Z3-graded dierentiations ∂A. It is also interesting to onsider the operators one
gets when the ∇m are replaed with supersymmetri derivations (that antiommute
with the Z3-graded dierentiations). But in the simpler ase desribed here, the
following operators ating on the Z3-graded generalized Grassmanian:
DIIIABC = DADBDC +DBDCDA +DCDADB +DCDBDA +DBDADC +DADCDB,
D¯III
A¯B¯C¯
= DA¯DB¯DC¯ +DB¯DC¯DA¯ +DC¯DA¯DB¯ +DC¯DB¯DA¯ +DB¯DA¯DC¯ +DA¯DC¯DB¯
and
DII
AA¯
= DADA¯ − j2DA¯DA
represent homogeneous operators on the Z3-graded Grassmann algebra, i.e., they
map polynomials in θ's of a given grade into polynomials of the same grade; the
result an be represented by a omplex-valued matrix ontaining various ombina-
tions of the dierentiations ∇m ; their eventual symmetry properties will depend
on the assumed symmetry properties of the matries ρABC and ωAB¯.
Let us onsider in more detail the ase of dimension 3 (the simplest possible
realization of the Z3-graded Grassmannian and the derivations on it is of ourse
the ase with one generator and its onjugate.
The dimension of the Z3-graded Grassmann algebra with three grade-1 genera-
tors θ,
∧
θ and
∨
θ and three onjugate grade-2 generators θ¯,
∧
θ¯ and
∨
θ¯ is 51; any linear
operator, inluding the derivations ∂A and the multipliation by any ombination
of the generators, as well as the operators DA and DA¯ introdued above, an be
represented by means of 51×51 omplex-valued matries. Unfortunately, the oper-
ators DII and DIII are neither diagonal nor diagonalizable. But if we apply them
to a salar funtion f , we get
DII11¯f = (ω
m
11¯ + ω¯
m
1¯1)∇mf
and
DIII
1
∧
1
∨
1
f = −3j2ρm
1
∧
1
∨
1
∇mf as well as D¯III
1¯
∧
1¯
∨
1¯
f = −3jρ¯m
1¯
∧
1¯
∨
1¯
∇mf.
The ω matries are the only ones that remain in the DII whereas the ρ ubi matri-
es emerge from the ternary ombinations DIII . On the spae of salar funtions,
our operators at simultaneously as square and ubi roots of ordinary translations.
Using extensions of these objets, where ∇m are replaed with the supersymme-
try generators, we have ontruted a simple Z3-graded nonommutative geometry
model featuring three Higgs elds. The lagrangian ontains the potential term
V = 3 |Φ1 +Φ2 +Φ3 +Φ1Φ2 +Φ2Φ3 +Φ3Φ1 +Φ1Φ2Φ3|2
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and implies multiple spontaneous symmetry breaking.
The ternary generalization of Grassmann algebra desribed in this setion an
be used to onstrut a generalization of exterior alulus with exterior dierential
d satisfying dN = 0 with N > 2. This diretion of researh has been developed by
Abramov's post-graduste student N. Bazunova (b. 1964) in [2℄.
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